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ANALOGIES USING NON-IDENTICAL EQUATIONS 


Robert Eugene Uhrig! 


ABSTRACT 


A method of establishing analogies between two phenomena which do not 
have characteristic equations with identical forms has been presented. It 
differs from the usual procedure in that at least one of the equations relating 
the variables in the model to the corresponding quantities in the prototype is 
non-linear. This modified procedure is based upon a change in form of a 
characteristic equation when functional transformations are used. 

An analog circuit was designed to predict the deflection of a column, and 
it was shown to give theoretical results which are identical with those in the 
literature. The use of a functional prediction equation made it possible to 
introduce resistance into the analog circuit even though the equation of a col- 
umn does not contain a term with a first derivative. 

An analog circuit for predicting the behavior of a simple vibrating system 
indicated that the use of a functional prediction equation liberalized the de- 
sign conditions. It was also shown that a stable model could be used to pre- 
dict an unstable condition. 

A description of the design, construction and use of the electrical analog 
circuit to predict the deflections of a beam column for five different axial 
loads is presented. A photoformer was used in conjunction with a specially 
designed cathode follower amplifier having a low output impedance to supply 
an arbitrary voltage waveform to the analog circuit. The results of this in- 
vestigation agree (within the limits imposed by the operation of the equip- 
ment) with the analytical solution of the beam column problem using the 
theory of elastic stability. 


INTRODUCTION 


The usual procedure for establishing an analogy is to match directly terms 
of equations having identical form or to use linear relationships between the 
variables of the equations. The purpose of this paper is to show that func- 
tional relationships can be used between the variables of the equations of the 
analogous systems to establish analogies between two phenomena which do 
not have characteristic equations with identical forms or to liberalize the 
analog design conditions. 

The solution of many types of differential equations can be obtained by the 
substitution of one variable or quantity for another. This procedure often 
changes the differential equation into a form that is familiar and that can be 
solved by the use of standard methods. (An example of this procedure is the 
substitution of z = In x to reduce a homogenous linear differential equation to 
a linear differential equation with constant coefficients.) The boundary 
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conditions of the original problem must be transformed into terms of the new 
variables in order to evaluate the constants of integration. Then the trans- 
formations are used inversely to obtain the solution of the original problem. 
This general procedure can be adapted to aid in establishing analogies. 

The method of establishing analogies used throughout this paper is the 
“Indirect Procedure” described by Murphy.(1) A simple example will illus- 
trate this “Indirect Procedure” and how it can be modified to establish 
analogies between phenomena in which the characteristic equations are not 
identical. 


Electrical Analog of a Column 


The characteristic equation of an elastic column is 


which can be rewritten as 


= (2) 


where y, x, P, E, and I are deflection, distance from the origin, axial load, 
modulus of elasticity of the column material, and moment of inertia of the 
column cross-section respectively. An electrical model in which electrical 
charge (Q) varies with time (t) can be designed for the column. Prediction 
equations (sometimes called transformations or substitutions) are assumed 
to relate the variables of the two systems. Usually these prediction equations 
are assumed to be 


y=n Q Dependent Variable (3) 


x= Nn, t Independent Variable (4) 


where n and n, are dimensional scales. If these transformations and their 
derivatives 


dx (5) 


i 
EI dx2 Py 
d2Q 
dt? (6) 
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are substituted into the characteristic equation (2) of the column, the re- 
sultant equation after simplification is 


Pn? 


2 = 9 


dt? 


which has the same form as the original characteristic equation (2) but is ex- 
pressed in terms of the new variables (Q) and (t). 

The characteristic equation of the electrical circuit shown in Figure 1 
after division by L is 


dt2 Lo 


where L and C are inductance and capacitance respectively. This equation 
(8) of the electrical system (the model) has the same form as equation (7), 
and equating of the coefficients of like terms in these two equations will give 
the design equation 


Pn,2 | (9) 
LO 


However, if one or both of the prediction equations are functional rather 
than merely linear relationships, the resultant equation after substitution of 
the prediction equations and their derivatives will not have the same form as 
the original characteristic equation of the column. An example of a set of 
prediction equations in which one of the equations is functional and the other 
is linear is 


y=n ert (10) 
n, t (11) 


where n, nj, anda@ are dimensional constants. If the prediction equations (10) 
and (11) and their derivatives 


(12) 


2 d 
+2a $9 (13) 


dy _n gq 
a” + aQ) 
d*y on 
n2 
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Cc 
ELECTRICAL ANALOG CIRCUIT FOR A COLUMN 


FIG. | 


Cc 
MODIFIED ELECTRICAL ANALOG CIRCUIT 
FOR A COLUMN 


FIG. 2 
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are substituted into the characteristic equation (2) of the column, the re- 
sultant equation after simplification is 


d*Q dQ Ent 


2" at + =O (14) 


This transformed equation (14) can be matched term by term with the char- 
acteristic equation of an electrical circuit having a mathematically identical 
form, and the equating of coefficients will give the design equations for the 
electrical model. 

The equation of the series electrical circuit shown in Figure 2 after 
division by L is 


(15) 


which has the same form as the transformed equation (14). Matching of the 
coefficients of equations (14) and (15) gives the design equations 


(16) 


(17) 


Hence, an analogy has been established between two phenomena in which the 
characteristic equations (2) and (15) do not have the same form. (Throughout 
this paper, transformed or resultant equations such as equation (14) will not 
be considered as characteristic equations.) 

The boundary conditions of the column must be transformed into boundary 
conditions of the electrical model by using the prediction equations, and these 
transformed boundary conditions must be satisfied in the electrical model if 
the analogy is to be valid. The boundary conditions for a column with knife 
edge supports on the ends are 


x= 0, y 


R,y = 0 a9) 


When the prediction equations (10) and (11) are applied to these boundary 
conditions, they become 


(20) 


d*Q R dQ 
dt2 L dt LC Q-0 
RAL = 20 = 
t=0,Q@=0 
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t=R/n,, Q=0 (21) 


Another boundary condition inherent in this analogy is that the solution of 
equation (15) must be of an oscillatory form, (i.e. damping in the model must 
not be over-critical.) The electrical circuit shown in Figure 2 can be built 
and used to determine the deflection of the column at any point by observing 
the charge (Q) in the electrical circuit at the proper time and then applying 
the prediction equations (10) and (11). Hence an analogy has been established 
between a mechanical system (the column) which has a characteristic equa- 
tion with only the second derivative and the variable (y), and an electrical cir- 
cuit having an equation with the second derivative, the first derivative, and 

the variable (Q). 

Using a direct or linear prediction equation such as equation (3) instead of 
the functional prediction equation (10) was shown to give a circuit design with 
an inductance and a capacitance, but no resistance. Since any inductance in- 
herently has some resistance, it is necessary to introduce resistance into the 
design of the analog circuit, or to compensate for this inherent resistance by 
using “negative resistances” or some type of feedback circuit. 

The validity of this analogy can be shown theoretically by solving equation 
(14) assuming an oscillatory form of solution. This solution is 


-at d p 2) h 
Q=e [K, Sin (=) n,t + K2Cos (=) nt | 


(22) 


where Ky and Ko are constants of integration. The transformed boundary 
condition (20) indicates that 


Ko =O (23) 


and substitution of (11), (22) and (23) into equation (10) will give 


y=(NK,) Sin (Fy x 


which is the equation of an elastic column where (n Kj) represents the maxi- 
mum displacement of the column. If the boundary condition (21) is applied to 


equation (24), then 


Sin (gq)? 0 


and hence 
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where ng is any integer. If ng is assumed to be 1, equation (26) becomes 


I an 
2 


which is the well known Euler equation for a column with knife edge supports. 


P= 


Electrical Analog of a Mechanical Vibrating System 


The prediction equations (10) and (11) can also be used to an advantage in 
establishing an electrical analog of a mechanical vibrating system. This ex- 
ample will show how the design conditions may be made more flexible by 
going from the steady state to the transient state in the model. 

The equation of motion of the simple vibrating system shown in Figure 3 is 


w d@y dy (28) 
dx2 ax + Ky =F Coswx 


where y, x, W, g, c, K, F and w are displacement, time, weight of the vi- 
brating body, acceleration of gravity, damping coefficient, spring constant, 
amplitude of the shaking force and angular frequency of the shaking force 
respectively. Substitution of prediction equations (10) and (11) and their de- 
rivatives (12) and (13) into equation (28) gives 


dt? 


2 
Ww 


)Q= 


(29) 


+ (20+ + (a2 + 


2 
Fgn _a«t 
— e Coswn,t 


after simplification. 
Application of Kirchoff’s voltage law to the circuit shown in Figure 4 


L dt LC L 


(30) 


Cos Bt 


Equations (29) and (30) can be matched term by term to obtain the design 
conditions 


gran 


k 
_ 
d*Q 
on 
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SCHEMATIC DIAGRAM OF A MECHANICAL 
VIBRATING SYSTEM 


FIG.3 


L 
& COS pt R 


ELECTRICAL ANALOG CIRCUIT FOR THE 
MECHANICAL VIBRATING SYSTEM OF FIG. 3 
FIG: 4 
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Design equation (31) shows that the electrical model may have a large resist- 
ance even though the damping factor (c) in the mecharical vibrating system is 
quite small if a proper value of @) is chosen. The principal limitation on 
this value of resistance is that the motion of the charge in the circuit must 
remain oscillatory. Design equation (34) permits the use of different fre- 
quencies in the prototype and the model, and equation (32) permits a wide 
selection of values for inductance and capacitance. Equation (33) means that 
the amplitude of the cosine voltage wave generated in the electrical circuit is 
decaying exponentially with model time (t), and hence the steady state condi- 
tion in the electrical mode] is lost. 

The analog circuit of Figure 4 can be built using a cosine wave voltage 
generator with some provision for decreasing the voltage amplitude exponent- 
ially, or by using an arbitrary function generator that can be adjusted to give 
any desired voltage wave shape. It is possible to start this exponentially de- 
caying wave at properly timed intervals so that it appears as a steady state 
phenomenon when viewed on an oscilloscope. 

Here again the analogy can be verified by solving the transformed equation 
(29), inversely applying the prediction equations (10) and (11), and then com- 
paring the results with the known solution of the original system. The gener- 
al solution of equation (29) is 


Fo Gos wn, t- wna] 
Q=e (K9_42)2 + (Guey2 


-at 


g 
+ Sin w 


. Fn2g  _at (33) 
“w 
B 
212 
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where K3 and Kg are constants of integration. Substitution of (11) and (35) 
into prediction equation (10) gives after simplifications 


| 
_ u?)cos wx -(——) Sinw x 


y= 
Kg 2,2 Aus,* 
gc / 
-—X K9 gx (36) 


which agrees with the known results of the elementary theory of vibrations. 

When there is no damping in the mechanical vibrating system and the 
shaking force has the same frequency as the natural frequency of the vibrat- 
ing system, i.e., 


(37) 


(KG) (38) 


The solution of equation (29) for this special case of undamped resonance is 


Tks Cos Wh Mit + Kg Sin wy 
(39) 


+ t Sin | 


At first glance, it appears that (Q) becomes infinite with time because of the 
(t) in the last term of equation (39). However, the limit of (t'e” @) is zero as 
(t) approaches infinity, and the charge in the electrical circuit does not be- 
come infinite. However, substitution of (12) and (39) into prediction equation 
(11) gives 
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+k, Sin - 


yzn K3 Cos wrx + nK, Sin 


FWn 
+ 2K x Sin wnx 


which indicates that the amplitude of vibration (y) does become infinite as 
time (x) approaches infinity for the special case of zero damping and vibra- 
tion at the natural frequency. This also agrees with the known results of 
elementary vibration theory. 

It is of interest to note that it is possible to predict an infinite amplitude 
of vibration in a mechanical system by using an electrical circuit which con- 
tains resistance and in which the electrical charge does not become infinite. 
Hence, a condition of instability can be predicted using a stable mode. 


Electrical Analog of a Beam Column 


The sketch of Figure 5 represents a beam column of length (4) with axial 
load P and b lateral loads Fj, Fo, --- Fy at distances from the left end of ay, 
a9, --- ap, respectively. The loads are applied in an upward direction so that 
the displacement of the beam column can be shown in a positive direction. 

The boundary conditions at the ends of the beam column are 


x =O, y (41) 


(42) 


The equation of this beam column is 


> = M (43) 


where E, I, and M are modulus of elasticity of the beam column material, 
moment of inertia of the cross-section, and total bending moment in the beam 
column at any distance (x) from the origin, respectively. The equation for the 
bending moment, and hence the equation of the beam column, must be written 
in b + 1 parts, one for each portion of the beam column between the concen- 
trated loads. 

Figure 6 is a free body diagram of the left portion of the beam column 
shown in Figure 5 after it has been cut between loads Fy, and Fy, , 3. For 
the interval 


« 44 
x On +, (44) 


eee 
d? 
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BEAM COLUMN WITH b LATERAL LOADS 
FIG. 5 


FREE BODY DIAGRAM OF A BEAM COLUMN CUT 


BETWEEN LOADS Fm AND Fm +1 
FIG. 6 


c 


ANALOG CIRCUIT OF A BEAM COLUMN 
FIG. 7 
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summation of moments to obtain the total bending moment M in the beam 
column at any distance x from the origin and substitution into equation (43) 
gives after simplification 


where M(x) represents the equation for the moment due to the lateral loads 
alone for the interval (44). 
If the prediction equations 


rete 
me 


dx2 dt2 


are the same as chosen previously for the column, substitution of (46) 
through (49) into equation (45) gives after simplification 


2 
(45) 
azm 
+ > ra) +{> 
yen eXta (46) 
x=zn,t (47) 
and their derivatives 
dy n 
dQ 2 (49) 
+ 20 +0 
at 
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where M(n;t) represents the equation for the moment due to the lateral loads 
alone for the interval (44) transformed by the prediction equation (47). 
The characteristic equation for the electrical circuit shown in Figure 7 
which contains resistance, inductance, capacitance and an arbitrary voltage 
wave generator with output €(t) is 


E(t) (51) 
L L 


dt 


after division by L. Equations (50) and (51) can be matched term by term to 
give the following design conditions: 


(52) 


-at 


e M(n,t) (54) 


The right hand side of equation (50) represents a straight line for each inter- 
val (44) of the beam column, modified by an exponential decay factor e" Ot, 

It can be easily seen by referring to equation (45), (47) and (50) that this 
series of straight lines is proportional to the moment diagram of the lateral 
loading on the beam column, transformed by the linear prediction equation 
(47), because the moment diagram is only a function of x. Therefore, the 
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2 2 
d“Q dQ Pn, m2 
-at As Asm 
*| (50) 
Asm 
| > FA 
2 
d*Q 
(53) 
L 


shape of the output wave of the arbitrary voltage function generator used in 
this analog circuit must have the same shape (when viewed on an oscillo- 
scope) as the moment diagram of the lateral loading, modified by the 
exponential decay factor e~ “t, 

The analog circuit consisted of four units, a resistance, a capacitance, an 
inductance, and an arbitrary function voltage generator. The resistance, 
capacitance, and inductance were commercial units, but the arbitrary func- 
tion voltage generator was built. The type of arbitrary function voltage gen- 
erator was built. The type of arbitrary function voltage generator chosen as 
the most practical from the standpoint of availability of equipment was a 
photoformer described by Sunstein. (2) The photoformer is essentially an 
electronic servo-system employing feedback to make the electron beam of a 
cathode ray oscilloscope follow a desired path as it is moved horizontally 
across the face of the tube by the sweep generator of the oscilloscope. 

A Dumont 304-H cathode ray oscilloscope was the basic unit of this photo- 
former. A mask of the desired shape was made of black electrical tape and 
attached directly to the face of the cathode ray tube. A RCA 931-A photo- 
multiplier tube was mounted in front of the cathode ray tube using the oscil- 
loscope camera mounting bracket. The photomultiplier tube circuit is given 
in Figure 8. The output of the photomultiplier tube was connected to the 
direct coupled “Y” amplifier of the 304-H oscilloscope, and the output of the 
amplifier was connected to the vertical deflecting plates of the cathode ray 
tube. The feedback voltage applied to the vertical deflecting plates was of 
such polarity that increasing values of light intensity at the photomultiplier 
tube caused the spot to move downward. If the gain around the feedback loop 
is sufficient, the spot will be partially hidden behind the mask, and equilib- 
rium will be maintained at this vertical position. Since the vertical deflec- 
tion of the spot is proportional to the vertical deflecting voltage, the output 
is practically proportional to the height of the mask, for a given horizontal 
position. The horizontal position is controlled by the linear sweep 
generator in the oscilloscope. 

The time to establish equilibrium and the exact height of the spot depends 
upon the total delay time around the feedback loop. This delay time includes 
the decay time of the phosphor screen plus the delay time of the photomulti- 
plier tube and the amplifier. Of these, the decay time of the phosphor is the 
most important factor. A cathode ray tube having a persistence of P-11 
emitting a blue light was used, because the P-11 surface has a short persist- 
ence and the 931-A photomultiplier tube is very sensitive to blue or blue- 
white light. 

The output of this photoformer is a voltage wave of almost the same shape 
as the mask. The output impedance was very high and the power was quite 
low, and hence the photoformer could not be connected directly to the analog 
circuit. The direct coupled cathode follower amplifier shown in Figure 9 
was used to match the impedances between the photoformer and the analog 
circuit and to amplify the power at the same time. This amplifier was de- 
veloped specifically for use between the photoformer and the analog circuit 
employed in this experiment. Two 6L6 vacuum tubes operating in parallel 
amplify the power. The 6SN7 tube is used as an amplifier in the negative 
feedback circuit which decreases the output impedance to an extremely low 
value and also reduces the distortion of the waveform for large input signals. 
The VR-150 voltage regulator tube supplies a constant voltage of 150 volts 
for the plate of the 6SN7 tube. A Hewlett-Packard Model 710-A power sup- 
ply was used as a plate voltage source for the cathode follower amplifier. 
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An audio frequency sine wave generator was used when adjusting the cathode 
bias of the cathode follower amplifier to give the largest undistorted output. 
With proper adjustment of both the cathode bias and the load resistor, it was 
possible to get an undistorted sine wave of 32 volts peak to peak and still not 
exceed the power output limitations of the Hewlett-Packard power supply. 

A Dumont 303-AH oscilloscope used to measure the charge across the 
capacitance of the analog circuit provided a visual indication of the variation 
of the charge with time. The external synchronizer terminals of this oscil- 
loscope were connected to the sweep signal output terminal of the oscillo- 
scope used in the photoformer in order to synchronize the two oscilloscopes. 
A Dumont type 295 oscilloscope camera was mounted on the 303-AH oscillo- 
scope to photograph the variation of voltage across the capacitance with time. 
The 303-AH oscilloscope has a built-in voltage calibrator which eliminated 
any voltage calibration difficulties. 

The inductances consisted of two 63.7 millihenry coils that had been 
checked using an impedance bridge to determine both inductance and resist- 
ance. The capacitance across which the charge was measured consisted of a 
three-gang, one microfarad decade capacitor used with five oil filled capac- 
itors which could be connected in series or parallel to give the desired value 
of capacitance. These capacitances were also calibrated on an impedance 
bridge. The resistance element included the effective resistance of the in- 
ductances, capacitances, and the output impedance of the cathode follower 
amplifier, as well as a 500 ohm variable resistor and other resistances 
which could be used to obtain the desired total resistance. Figure 10 is a 
block diagram of the entire analog system. 

The beam column chosen for representation in the analog was a flat 3/16 
inch by 1 inch by 60 inch aluminum alloy bar loaded as shown in Figure 11. 
The modulus of elasticity E of the aluminum alloy bar was assumed to be 
10.5 x 106 psi, and the moment of inertia I of the cross section of the bar was 
calculated to be 7.32 x 10-4, in.4, giving a product EI of 40.1 lb. ft.2. The 
shear and moment diagrams of the lateral loads on the beam column are 
shown in Figures 12 and 13. 

The output of the photoformer has the shape of the moment diagram of the 
lateral loading multiplied by the exponential decay factor e~ t, and it is re- 
peated in a cyclic manner as shown in Figure 14. This voltage waveform is 
fed to the analog circuit of Figure 7, and the voltage is measured across the 
capacitance to evaluate the electrical charge Q which is related to the dis- 
placement by prediction equation (46). Therefore, the voltage across the 
capacitance should have the general shape shown in Figure 15. However, it 
is not possible for the voltage across the condenser to change instantaneously 
as indicated by the sharp angle at point A in Figure 15, and the sharp angles 
would be rounded as shown in Figure 16 with inflection points at B and zero 
slopes at A. This could introduce serious errors into the results. 

The method used to eliminate this difficulty and satisfy the boundary condi- 
tions was to use a mask having two waveforms, with the second waveform in- 
verted and reversed (right to left) as shown in Figure 17. This eliminated 
the sharp change of applied voltage between cycles previously mentioned and 
the reintrant angles of the voltage waveform across the condenser as indi- 
cated in Figure 18. Since the photoformer gave better reproduction of the 
waveforms when the highest peaks were located at the ends of the mask, the 
mask was constructed from point F to point J in Figure 17 instead of from 
point D to point H. 

At the right end of the beam column, the prediction equation (47) indicates 
that theT is related to the beam column length by 
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SKETCH OF LOADED BEAM COLUMN 
FIG. 11 


SHEAR DIAGRAM OF LATERAL LOADS FOR BEAM 
COLUMN SHOWN IN FIG. 


FIG. 12 
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MOMENT DIAGRAM OF LATERAL LOADS FOR BEAM COLUMN 
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SKETCH OF OUTPUT VOLTAGE WAVE OF THE ARBITRARY 
FUNCTION GENERATOR 


FIG. 
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A A 
SKETCH OF THE THEORETICAL VOLTAGE ACROSS THE 
CONDENSER IN THE ANALOG CIRCUIT HAVING THE INPUT 
VOLTAGE WAVE OF FIG I4 


FIG. 15 
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SKETCH OF THE ACTUAL VOLTAGE ACROSS THE 
CONDENSER IN THE ANALOG CIRCUIT HAVING INPUT 
VOLTAGE WAVE OF FIG.!4 


FIG. 
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(55) 


The time necessary for the cathode ray tube trace to make one sweep across 
the face of the tube (which is the reciprocal of sweep frequency) is equal to 
two T periods, because the mask on the face of the cathode ray tube repre- 
sents two complete cycles. Hence this relationship 


=o (56) 
2T 


can be substituted into equation (55) to give 


* (57) 


22 


Another factor affecting the selection of a frequency is the frequency re- 
sponse of the photoformer and the cathode follower amplifier. The frequency 
response of the photoformer appeared to improve with frequency up to about 
4000 cycles per second and then dropped quite rapidly. The frequency re- 
sponse of the cathode followed amplifier was good up to 10,000 cycles per 
second, but decreased to approximately one-half of its “flat range” value at 
18,000 cycles per second. However, in amplifying voltage waveforms having 
sharp corners, it is necessary to accurately amplify at least the third (and 
preferably the fourth) harmonic of the fundamental frequency. Therefore a 
frequency of 3000 cycles per second was selected. 

A change in the lateral loading of the beam column caused a change in the 
moment diagram, and hence required the construction of a new mask for the 
photoformer. However, a change in end load P can be represented in the 
analog circuit by a change in capacitance alone as indicated by design equa- 
tion (53). Hence, it was decided to keep the lateral loading the same and vary 
the end loading. 

A value of 1800/sec. was chosen for (c@) because it allowed sufficient re- 
sistance in the analog circuit to take care of the inherent resistance of the 
inductances while introducing only a small damping factor in the electrical 
circuit. Two small wire wound inductors were connected in series to give a 
value of 0.1274 henry for inductance with a total resistance of 27.4 ohms. 
The output impedance of the cathode follower amplifier was measured to be 
12.0 ohms. The total resistance needed in the analog circuit was calculated 
to be 459.0 ohms using equation (52). Therefore, the external resistance 
necessary to give this total resistance was 419.6 ohms, and a variable re- 
sistor was adjusted to give this value. 

The value of (n) was calculated by equation (54) using the peak value of 
voltage and the moment corresponding to that peak voltage. Figure 19 is a 
large scale plot of the wave that is fed to the analog circuit. It can be easily 
seen that the upper and lower peak values of M(x)e~ “t (which is proportion- 
al to -—_s voltage of the photoformer) are not equal. This is due to the fac- 
tor e~ “* decreasing as t varies between 0 and and the peak moments of 
the two waves plotted do not occur at corresponding points. This face must 
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SKETCH OF THE OUTPUT VOLTAGE WAVE OF THE 
ARBITRARY FUNCTION GENERATOR WHEN EVERY 
OTHER WAVE IS INVERTED AND REVERSED. 


FIG. I7 


SKETCH OF THE THEORETICAL VOLTAGE ACROSS 
THE CAPACITANCE IN THE ANALOG CIRCUIT HAVING 
THE INPUT VOLTAGE WAVE OF FIG. I7. 


FIG. I8 
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ANALOG METHOD 


———-— TIMOSHENKO EQUATION \ 


DISTANCE ALONG BEAM COLUMN- FEET 
DEFLECTION CURVES OF BEAM COLUMN 
FIG. 21 
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be taken into account when locating the reference axis on the output wave of 
the cathode follower shown in Figure 20. 

The axial load P was varied in two-pound increments, up to 8 pounds, and 
equation (53) was used to determine the proper value of capacitance. The re- 
sults of this experiment are the deflection curves of Figure 21 for the beam 
column loaded as shown in Figure 5 for axial loads of 0, 2, 4, 6 and 8 pounds. 

Pictures were taken of the variation of voltage drop with time across the 
capacitance of the analog circuit as viewed on an oscilloscope. Since the 
charge Q in the analog circuit is related to the voltage drop across the 


capacitance by 


(58) 


the prediction equations (46) and (47) could be used to obtain the deflection 


curves, 
The equation for the deflection of the beam column of Figure 5 between 


loads Fm and Fm , 1 is given by Timoshenko'3) to be 


_ Sin KX 4 
BSin Kt)» Fi Sin K(L- 9) 


PL > _& (L- ) 


(59) 


Sin K(2£-x) 
PSinK2 


Equation (59) was used to calculate values for the defiection curves given 
in Figure 21 for loads of 2, 4, 6, and 8 pounds. For zero axial load the de- 
flection curve was calculated using the equation for the elastic curve of a 
beam. ; 

The agreement between the experimental deflection curves for the beam 
column obtained from the analog circuit and the theoretical deflection curves 
obtained by the Timoshenko equation was fair. The experimental deflections 
were smaller than the theoretical deflections for larger values of axial load 
P and greater for small values of axial load. The error varied from about 
3 per cent for an axial load of 2 pounds up to about 13 per cent for the 8 
pound load. 

The most obvious source of error in this experiment is the poor operation 
of the photoformer. It was found that the photomultiplier tube circuit loaded 
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yt 
Q = C 
ati 
where | 
(60) 
at 


the power supply so heavily that the negative 1000 volt direct voltage was de- 
creased to approximately 350 volts. This dropped the acceleration voltage 
per dynode stage of the photomultiplier tube from 100 volts to approximately 
35 volts which is not sufficient for proper operation. A larger power supply 
should solve this difficulty. 


SUMMARY 


A method of establishing analogies between two phenomena which do not 
have characteristic equations with identical forms and of liberalizing the 
analog design conditions has been presented. It differs from the usual pro- 
cedure in that at least one of the equations relating the variables in the model 
to the corresponding quantities in the prototype is non-linear. This modified 
procedure is based upon a change in the form of a characteristic equation 
when the functional transformations are used. 

An analog circuit was designed to predict the deflection of a column using 
a set of prediction equations containing one functional equation and one linear 
equation to establish the analogy even though the characteristic equations of 
these two phenomena were not identical. This use of a functional prediction 
equation made it possible to introduce resistance into the analog circuit even 
though the characteristic equation of a column does not contain a term with a 
first derivative. The results were shown to be identical with those given in 
the literature by theoretically solving the characteristic equation of the elec- 
trical circuit. 

An analog circuit for predicting the behavior of a simple vibrating system 
was designed, showing that the use of a functional prediction equation made it 
possible to liberalize the design conditions. The theoretical solution showed 
that it was possible to predict an infinite deflection for an undamped system 
vibrating at the resonant frequency even though the analogous electrical sys- 
tem contained resistance and the electrical charge does not become infinite. 
Hence, a condition of instability can be predicted using a stable model. 

An electrical analog circuit for a beam column was designed, using the 
procedure developed in this paper. The circuit was constructed and used to 
predict the deflections of a beam column for five different end loads. A 
photoformer was used in conjunction with a specially designed cathode fol- 
lower amplifier having a low output impedance to supply an arbitrary voltage 
waveform to the analog circuit. The results of this investigation agree (with- 
in the limits imposed by the operation of the equipment) with the analytical 
solution of the beam column problem using the theory of elastic stability. 
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